The streaming instability for solid particles in protoplanetary disks is re-examined assuming the familiar alpha (α) model for isotropic turbulence. Turbulence always reduces the growth rates of the streaming instability relative to values calculated for globally laminar disks. While for small values of the turbulence parameter, α < 10 −5 , the wavelengths of the fastest-growing disturbances are small fractions of the local gas vertical scale height H, we find that for moderate values of the turbulence parameter, i.e., α ∼ 10 −5 − 10 −3 , the lengthscales of maximally growing disturbances shift toward larger scales, approaching H. At these moderate turbulent intensities and for particle to gas mass density ratios < 0.5, the vertical scales of the most unstable modes begin to exceed the corresponding radial scales so that the instability appears in the form of vertically oriented sheets. We find that for hydrodynamical turbulent instability models reported in the literature, leading to α = 4 × 10 −5 − 10 −4 , the streaming instability is present in principle for a narrow range of Stokes numbers, ∼ 0.01 < τ s < 0.05 (τ s is the ratio of the particle gas drag stopping time to the local orbit time). However, with these levels of α and canonical solids-to-gas abundances, we find that the streaming instability stalls and saturates as growing modes approach = 1 from smaller values, resulting in only modest particle overdensities of factors of 4-20 at best. Our results are consistent with, and place in context, published numerical studies of streaming instabilities.
INTRODUCTION
Recent analysis of the meteorite record suggests that a substantial amount of the accretion that formed the solar nebula's first planetesimals occurred in under 0.5-1 Ma after the first formation of Calcium-Aluminum (refractory oxide) inclusions -the timescale over which Jupiter's 20-50 M ⊕ core is thought to have formed (Kruijer et al. 2017) . A detailed examination of the non-carbonaceous chondrite NWA5717 (Simon et al. 2018) shows that this chondrite harbors two different lithologies, in which at least one of the two chondrule populations have typical aggregate scales of a few cm. While the shapes of the particle size distributions within the two lithologies are similar, the peaks of the respective distribution functions are different. Furthermore, the overall oxygen isotope compositions, and the Fe/Mg ratios measured within the cores of chondrules are also different between the two lithologies. Yet, mm-sized chondrules cluster in cm-scale structures in at least one of the lithologies.
These observations lead (Simon et al. 2018) to conclude that the two lithologies of NWA5717 are very likely chondrule aggregates that formed in two different regions. That these two differing lithologies are found within the same parent body strongly implies that significant intra-regional transport of already-formed aggregates took place, and furthermore, that this mixing occurred over a relatively short period of time (< 1Ma) .
In this light, the process narrative accounting for the formation of the first planetesimals may be dimly coming into view. A given radial zone in a protoplanetary disk will initially harbor µm particles of composition which is solid under local conditions. These grains grow by sticking until they become sub-mm to mm-sized aggregates; in the inner nebula, some (still mysterious) heating process melts these (ice-poor) aggregates and forms chondrules. These chondrules apparently can then form cm-scale aggregates depending on local disk properties. The picture is less clear in the outer nebula, where chondrule formation may never occur and the material remains ice-rich. However, what remains elusive is theoretical understanding of how these aggregate clusters eventually coalesce into 100 km sized planetesimals. This is because particle evolution encounters several barriers to growth including (but not limited to) the radial-drift barrier, the bouncing barrier, and the fragmentation barrier. In none of these studies do particles, especially ice-poor particles in the inner nebula, grow much larger than a cm or so. For a more comprehensive discussion of these barrier mechanisms see the discussion found in Brauer et al. (2008) ; Zsom et al. (2010) ; Birnstiel et al. (2012) , and most recently Estrada et al. (2016) . It is in this context that current planetesimal formation theories must be assessed.
The streaming instability (SI) is a linear instability (grows without limit from small perturbations, under the right conditions) that can enhance the concentration of particles in protoplanetary disks (Youdin & Goodman 2005; Youdin & Johansen 2007 ) (YG2005 and YJ2007 hereafter). The dynamics involves the resonant momentum exchange between the disk gas and its embedded particles treated as a pressure-free second fluid (Squire & Hopkins 2018a,b; Hopkins & Squire 2018a,b ) -see also Section 2.1.
In protoplanetary disks, the SI is strongest for axisymmetric disturbances and the growth rates are most rapid when the mean 3D densities in the gas (ρ g ) and particle components (ρ p ) are nearly equal, i.e., when ≡ ρ p /ρ g ∼ 1. Linear stability analyses indicates that for laminar Keplerian flows, the SI grows fastest for small wavelengths 2 and for near-unity Stokes numbers τ s ≡ Ωt s , where t s is the particle gas drag stopping time and Ω is the local disk rotation time (also see section 2.2).
These features of the SI suggest that this process may play an important role in the late stage of a protoplanetary disk's evolution when the disk has lost most of its gas because of photodissociationor-MHD-driven winds from the star or disk, and/or accretion onto the central object. Additionally SI may also operate effectively if the disk is laminar, as the particle component can settle to high near the disk-midplane. Several detailed numerical simulations of laminar disks have shown that the SI rapidly enhances local particle concentrations (Lyra & Kuchner 2013; Carrera et al. 2015; Yang & Johansen 2014; Yang et al. 2017; Schreiber & Klahr 2018 ). Particle concentration is further helped along if particle self-gravity is included in models -e.g., as done in Johansen et al. (2007) ; Carrera et al. (2015) ; Simon et al. (2016 Simon et al. ( , 2017 -and can drive overdensities to the precipice of gravitational collapse and onwards to planetesimal sizes of hundreds or even thousands of km radius.
However, regions of protoplanetary disks in which particle growth is of greatest interest (i.e., 1-100 AU) are possibly weakly-to-moderately turbulent (Turner et al. 2014; Lyra & Umurhan 2018) . Recent theoretical advances suggest that non-ionized regions of protoplanetary disks support several instability processes that can lead to sustained turbulence: the Vertical Shear Instability (VSI), Convective Overstability (COV) and Zombie Vortex Instability (ZVI).
Turbulence in disks is often thought of in terms of a zero-order closure "alpha-disk" model, wherein gas turbulence is represented by an enhanced viscosity quantified by a turbulent viscosity coefficient, ν t ≡ αρc s H, where ρ, c s and H are the local density, local isothermal soundspeed and the vertical pressure scale heights, respectively (Shakura & Sunyaev 1973; Lynden-Bell & Pringle 1974) .
3 The alpha-disk model, notwithstanding its crudeness, does a good job in characterizing disk structure and consequent flow in a turbulent protoplanetary disk medium as, e.g., recently demonstrated in Stoll, Kley & Picogna (2017) . Numerical analysis of the three above-mentioned turbulence generating mechanisms report values of α in the range of 10 −5 − 10 −3 . On the assumption that the resulting turbulence is isotropic, inertial scale turbulent eddies effectively diffuse particles away from the disk midplane, reducing the values of the density ratio ( ) near the midplane and, consequently, ought to diminish the efficacy of the SI by reducing growth rates. Although not previously explicitly demonstrated, isotropic turbulence should also lengthen the spatial scales associated with maximal growth.
2 In fact, the inviscid calculation indicates that the growth rates asymptote to finite values as the wavelength of the vertical disturbance approaches zero provided the radial wavelength is larger than some minimum value. This suggests the problem may be ill-posed in the inviscid limit. However this short wavelength catastrophe is averted when viscosity is included (see our general results below).
3 A turbulent viscosity assumes that downscale momentum transfer occurs in the inertial range of a fully developed statistically steady turbulent fluid. The "α-model scales this in terms of the typical speeds and scales encountered in locally rotating sections of protoplanetary disks. As such, the quantity α is typically interpreted to be the inverse of the local turbulent Reynolds number, Ret and might be thought of as a measure of the amplitude of the turbulent velocity field compared to the local sound speed. For a more pedagogical review appropriate to astrophysical fluids see Regev et al. (2016) .
What happens to the SI in the presence of turbulence? YG2005 presented a brief and mostly qualitative discussion of the possibilities, but declined to pursue them on the grounds that protoplanetary disks were probably nonturbulent. There are a few numerical simulations examining the fate of the SI in either an axisymmetric or fully 3D model of a protoplanetary disk Johansen et al. 2007; Balsara et al. 2009; Tilley et al. 2010) .
4 These studies examined the fate of particle clumping in the presence of magnetorotational turbulence, with turbulent intensity α ∼ 10 −3 − 10 −2 , and for a range of values in the two particle parameters St and . While the final state of the SI subject to this kind of turbulence indeed varies, a common point of agreement between all of these investigations is that interesting clumping behavior emerges for parameter values in which ∼ 1 and, most importantly, when 0.1 < τ s < 3. The results reported in Johansen et al. (2007) , in turbulence, are particularly noteworthy as they show that the SI emerges with a preferred radial lengthscale of about one pressure scale height (H) and has a growth time scale of about 10 local orbital periods. Furthermore, an azimuthal average of the emergent particle overdensity shows rapid inward pattern drift -∼ 0.1 − 0.2H per orbit, e.g., Figure 1D of Johansen et al. (2007) . The question facing these and other previous numerical studies of SI in turbulence is whether such combinations of initial conditions -large particles that have grown without being disrupted in such moderate levels of turbulence -are self-consistent (see section 6.1.7). Meanwhile, several other studies have shown that quite small particles can undergo SI in disks that are not turbulent at all, globally; the particles experience only a tiny amount of local turbulence, called "stratified turbulence", generated by the densely settled particle layer (Carrera et al. 2015; Yang et al. 2017 ). Our results explain these different outcomes in a unified and consistent way.
Well-resolved numerical experiments of two-fluid processes are expensive. A theoretical prediction for the fate of the SI under turbulent protoplanetary disk conditions, however crude, would be a useful tool both in developing some quantitative estimate for the expected length and timescales of growth in such a nebula, as well as in planning future detailed numerical experiments. We present such a theory, extending the SI analysis done in YG2005 and YG2007 with the addition of a simple α-model of disk turbulence, that provides an effective turbulent viscosity acting on the gas as well as a prescription for the effective turbulent particle diffusion resulting from the unsteady stirring of particles by inertial scale gaseous eddies. The basic assumption is that the fundamental processes driving turbulence are unaffected by the particles, and lead to a statistically steady isotropic turbulence in the gas.
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We present a linear stability analysis of the SI in such an α-disk model of protoplanetary disk turbulence. We determine the fastest growing mode and its wavelength as a function of various properties including gas disk opening angle, particle Stokes numbers, local particle-to-gas mass density ratio, and the intensity of turbulence. In Section 2 we review the basic properties of the SI, including recent theoretical developments regarding resonant drag instabilities. In Section 3 we motivate our model equations, describe the steady state, and introduce infinitesimal perturbations. In Section 4 we survey the results of the stability analysis, focussing on the most rapidly growing modes. Section 5 discusses our results and compares the predicted growth rates with timescales predicted for various particle growth barriers. We identify regions in the parameter space of particle Stokes numbers and disk turbulent intensity for which the SI remains a feasible path to planetesimal formation, and those where it saturates and stalls. In Section 6 we summarize our findings and point to future directions.
SI MODE REVIEW

Broad physical picture
Because a pressure-supported fluid in a disk orbits the central object at sub-Keplerian speeds, momentum exchange via gas drag induces a radial drift between the two fluids in steady state. For example, a radially diminishing steady pressure gradient causes the gas fluid to spiral out while causing the particle-fluid to spiral inward, e.g., see . The instability arises from perturbations in this relative drifting steady state and how it modifies oscillatory motions in the disk: Momentum exchange is generally modeled as a function of the relative velocities between the two fluids multiplied by the product of the two fluid densities times a drag coefficient representing the type of physically appropriate drag mechanism. The momentum channeled from the mean state and into perturbations through modifications of the drag exchange term due to particle density fluctuations is the root of the linear instability. YG2005 and YJ2007 show that these density fluctuations draw momentum from the mean drift state and destabilizes oscillating disk inertial waves (e.g., see YJ2007). The insightful toy model of Goodman & Pindor (2000) argues that this sort of mean-momentum wave-phase sensitive "tapping" via gas drag can generically lead to instability in otherwise damped oscillating systems.
A recent comprehensive theoretical study found in Squire & Hopkins (2018a,b) demonstrates that the SI is a member of a particular class of resonant drag instabilities (RDI). A two-fluid system, in which one component is pressure free and streaming with velocity w s with respect to the second (non-zero pressure) fluid, is potentially resonantly unstable to any wave phenomenon with wavevector k supported by the fluid if w s · k equals the oscillation frequency of the wave phenomenon. In this broad framework the SI is an RDI arising from the particle stream's resonance with the inertial waves supported by the gas. We apply this prescription in rationalizing the trends contained in the inviscid models discussed in the verification section 4.
Generically speaking, however, the potential for instability holds for any class of waves that the fluid system might support including sound waves, gravity waves, magnetosonic waves as well as Rossby waves and potentially many others (Hopkins & Squire 2018a,b) . For example, Schreiber & Klahr (2018) recently have shown that the SI occurs for non-axisymmetric vertically restricted disturbances in simulations of disks which means that the waves with which the particle stream becomes resonant are not axisymmetric inertial oscillations but, instead, either non-axisymmetric inertial oscillations or Rossby waves. Similar effects seem to be characterizing the particle-vortex numerical experiments recently reported in Surville & Mayer (2018) . Three key ingredients for resonance are that (a) there exists some means of momentum/energy exchange between the two fluid systems, for example, whether it be by means of classical fluid drag (as it is for the SI), or via dynamical drag if the two fluids are self-gravitating, e.g., see Chapter 13 of Chandrasekhar (1961) , (b) a relative drift velocity between the particle and gas components manifests, and (c) the fluid component supports some kind of wave phenomenon.
Some physical properties
We review some of the basic physical properties of the SI based on the analysis of YJ2007. The analysis here and throughout this paper is based on a (nearly) point-analysis performed at some disk cylindrical radial position r. The disk position is assumed to be locally isothermal characterized by soundspeed c s . The local rotation rate of the disk is Ω, the Keplerian rotation speed is v K = rΩ, and the effective thickness of the disk is measured by the disk-opening angle parameter δ ≡ c s /v K = H/r. We assume the local radial gas pressure gradient is ∂P /∂r. The SI operates on length scales L SI given dimensionally (not quantitatively) by
This means that L SI ∼ δH; In this work, we adopt the definition L SI ≡ δH.
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The analysis of YJ2007 (and YG2005) assumes that vertical variation of gas density plays no role and there is no momentum or mass diffusion (ie., no turbulent viscosity or diffusivity). They show that the SI is the primary instability of axisymmetric inertial modes. The stability of a given mode with radial and vertical wavenumbers, k x and k z respectively, is a function of the local value of and the stopping time t s defined according to whether the particles are in the Epstein or Stokes regimes,
where ρ p is the density of a given particle, a is the particle size, and λ mf p is the molecular mean-freepath. The Epstein regime is appropriate for particles whose radii a ≤ λ mf p while the stopping times for a > (4/9)λ mf p are for the Stokes regime, in which C d is a particle drag coefficient and ∆V pg is the relative speed between a particle and the gas (Weidenschilling 1977) . Depending on the size of the particle and ∆V pg , C d may itself be a function of ∆V pg (Estrada et al. 2016) . As noted previously, the stopping times are scaled by the local orbital time, giving the "Stokes number" τ s ≡ Ωt s . For a given pair of input parameters (τ s , ), instabilities are typically expected for values of k x < k z and growth rates are found to be maximal for values of L SI k x ≈ L SI k z ∼ 100 or more (see Figure 1 of YJ2007 and Figure 2 of YG2005). That is, the wavelengths of fastest growth are usually much smaller than L SI = δH. Instability is most favorable for values of ∼ 1. Disturbingly, the problem as set up appears somewhat ill-posed, in that instability appears to persist for certain finite values of k x as k z → ∞. In cases of most physical interest, the instability growth timescales must be much faster than the radial drift rates (see Figure 8 of YG2005). The analysis of YJ2007 assumes the gaseous component is incompressible and they demonstrate that the contribution of gas compressibility is negligible to the instability mechanism. As such, they show that the particle fluctuations are the key ingredient of the instability.
MODEL ASSUMPTIONS AND EQUATIONS
We build upon the model setup of YJ2007. We review the assumptions made and indicate what is new to this paper:
1. The gas component is incompressible.
2. The particle phase is pressure free. This is a fair assumption given that particle-particle collisions are not important.
3. Spatial variations in all disk quantities are negligible except for the mean Keplerian shear, which is assumed constant.
No disk stratification (vertical density variation).
5. The Stokes numbers are constant.
6. Scales of interest are small enough so that the shearing box model is appropriate.
7. Axisymmetric perturbations.
8. (New to this paper) Turbulence is assumed isotropic and is represented in the gas momentum equation by turbulent viscosity ν T = αc s H:,
9. (New to this paper) Turbulence causes stirring of the particle component, represented by a turbulent diffusion term in the particle mass conservation equation (Youdin & Lithwick 2007; Estrada et al. 2016 ):
which captures the effect of diminished stirring of particles with large inertias (τ s 1).
We write the fundamental equations of motion in the local frame rotating at Ω. The radial coordinate is x, the azimuthal coordinate y and z is the vertical coordinate. We represent the mean azimuthal shear as a departure from a mean Keplerian state V 0 = −(3/2)Ω(r − r 0 )ŷ (Umurhan & Regev 2004 ). The disk gas velocity relative to the mean state is v g = u gx + v gŷ + w gẑ while the corresponding relative particle velocity is v p = u px + v pŷ + w pẑ . By writing P =P + p, we split the pressure field into a sum of the background field (P ) -i.e., that drives the relative mean motion between the gas and dust -and perturbation field (p). The axisymmetric equations of motion for the gas are
In these equations, the momentum exchange rate from gas drag is, for instance, ρ p (u g − u p )/t s , and we define the parameter µ ≡ 1/ρ g t s . The equations of motion of the particle-laden fluid (the particle phase) are,
Steady uniform solutions of Eqns. (5-12) are sought assuming no vertical velocities and constant steady gas and particle densities, ρ g and ρ p . Following Nakagawa et al. (1986) and YJ2007 (their Eqns 7-8) we have that uniform gas velocities U g0 , V g0 are
and the uniform particle velocities are
We linearly perturb equations (5-12) around this steady state according to
for the gas quantities and
for the particles. Since the gas is incompressible, we further write the quantities u g and w g as derived from a perturbation streamfunction ψ :
One can formally define the azimuthal gas and particle "fluid" vorticity fields as:
The gas vorticity is related to the stream function via ω g = ∇ 2 ψ g . The perturbation quantities are then Fourier decomposed. For example, the streamfunction is written as
where k x and k z are the radial and vertical wavenumbers (respectively), the frequency is ω, and ψ is the normalmode amplitude. As written, ω i ≡ Im(ω) > 0 indicates growth. We restrict our consideration to positive values of k x and k z 7 . Since k x > 0, values where Re(ω) > 0 indicate outwardly propagating patterns.
The combined system reduces (using Mathematica) to a single dispersion relationship of the general form
in which F is a sixth order algebraic equation in ω. The six temporal modes correspond to two inertial waves in the gas phase, two inertial waves in the particle phase, and two zero-temperature acoustic modes in the particle phase -e.g., see discussion in Chapter 10 of Chandrasekhar (1961) . The algebraic equation for ω is solved using standard root-finding methods found in Matlab 2017a. The eigenvalue ω depends upon five parameter expressions: the two wavenumbers k x , k z , the Stokes number τ s , the density ratio = ρ p /ρ g , and the ratio of the turbulent intensity parameter to the disk opening ratio squared: α/δ 2 . In all of our parameter scans, we assume δ = 0.04, a typical value for nominal disk temperatires and orbit velocities. Dynamic lengthscales are normalized by δc s Ω = δH = L SI and growth-rates normalized by Ω.
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Finally, we restrict our choice of to be physically consistent with the idea that a turbulent disk will loft particles away from the midplane and, consequently, result in dilution of near the midplane. Following previous authors (Dubrulle et al. 1995; Carballido et al. 2006; Estrada et al. 2016) , we estimate an effective particle scale height H p from the balance between particle settling toward the midplane and upward lofting by turbulent motions. Thus, given an initial ratio of (vertically integrated) particle surface mass density to gas surface mass density, f, 9 then in a region of vertical thickness H p we broadly assign a local particle to gas mass density ratio via the simple relationship:
which, henceforth, is referred to as the turbulent dilution model. In this form, H p = α/(α + τ s )H.
VERIFICATION
As a robustness test, we set α → 0 and were able to faithfully reproduce all individual eigenvalues and eigenvector quoted in Table 1 of YJ2007 as well as the growth rate diagrams shown in their Fig. 1 . We indeed confirm that the SI is an instability of inertial modes of mixed character (i.e., 7 Owing to the symmetries in the linearized PDE's, the eigenvalues ω are insensitive to the sign of k z , confirming the same reflections made in YG2005. Switching the sign of k z merely results in taking the complex conjugate of the resulting amplitude constants.
8 In YG2005 and YJ2007, the lengthscales are quoted as "ηr", where η is the radial pressure parameter of Nakagawa et al (1986) , which expression is equivalent to δH = csH/v k .
9 Often times in the literature this is referred to as the metallicity and expressed by the symbol Z -Maximum growth investigated in the inviscid limit (α → 0) for τs = 0.1, = 0.01 and δ = 0.04. The qualitative behavior of the growth rates as a function of kx and kz reported in YG2005 is recovered here. The dashed line corresponds to the location in parameter space where the radial wavespeed of inertial gas waves equals the difference in mean radial velocities between gas and dust -verifying predictions of Squire & Hopkins (2018a) . particle-gas modes). Fig. 1 shows the maximum growth rates as a function of k x and k z which reproduces the quality reported in YG2005. There exists a combination of k x and k z for which the growth rates are locally maximal. According to Squire & Hopkins (2018a) , there exists a wave-drift resonance relationship identifying this combination as those values of k x -k z for which some collective fluid mode has a projected phase speed that resonates with the relative drift velocity between the gas and the dust. In the case of the classic SI, one such wavemode is an inertial wave. In cases for which both the massloading is weak (small ) and the coupling between gas and dust is strongish (τ s < 1) inertial modes in a collective gas-particle medium can be approximated by the wave response in the gas assuming no coupling to the dust. Fig. 1 shows the actual growth rates determined for such a strongly coupled weakly mass-loaded model. In this extreme bookend case, it is elementary to show that (Lyra & Umurhan 2018) . Since there are no y disturbances, identifying the radial component of the inertial wave to the relative drift velocities means equating
Inputing (20) and the appropriate steady radial drift expressions from (13-14) into the above expression, we find that the desired k x -k z relationship is
The wave-drift resonance relationship expressed in (22) is shown as a dashed line over the growth rates showcased in Fig. 1 . We see clearly that the resonance relationship follows the maximum growth rates as one scans along k z . This lends confidence that the resonance condition is a very good predictor for identifying conditions corresponding to maximal growth of this instance of the RDI.
RESULTS
Our closed-form (if ugly) solutions (see Appendix A) permit a finely-resolved sweep in parameter space varying both the Stokes number τ s and turbulence parameter α. The particle-to-gas volume mass density ratio is automatically determined as a function of α and τ s based on the global (unsettled) solids mass fraction f and the turbulent dilution model, eq. (19). For most parameter sweeps, we set f at nominal cosmic abundance, f = 0.01. For fixed values of f = 0.01 and disk opening angle δ = 0.05, we then study the fastest growing mode as a function of α and τ s .
Isotropic turbulence, as measured by α, causes the growth rates of the SI to diminish, while also increasing the wavelengths corresponding to fastest growth. This is not surprising, because the shortest wavelength modes are eaten away by turbulent diffusion.
Individual model results
In this section we show the properties of individual models. In particular, Figure 2 displays contour plots of growth rates as a function of k x and k z for three values of α together with τ = 1 fixed.
For weak turbulence there exist wavelengths corresponding to maximum growth that are both very short, and have growth rates on the order of the disk rotation frequency. For example, the top panel of Fig. 2 shows results for the very low value of α ≈ 4 × 10 −6 with τ s = 1, perhaps corresponding to "stratified turbulence" around a settled particle layer in a globally laminar nebula. The wavelengths of maximum growth are λ x (max) = 2π/k x (max) ≈ 0.037H and λ z (max) = 2π/k z (max) ≈ 0.027H; thus, only a little smaller than δH. This fastest growing mode has an e-folding timescale of τ (max) = 1/ω i = Ω/(2πω i )P orb ≈ 0.5P orb , where P orb = 2π/Ω is the orbital period. As the intensity of turbulence increases (middle and lower panels), the wavelengths corresponding to maximal growth get larger and the corresponding growth rates diminish.
The middle panel of Fig. 2 shows a wavenumber survey for α ≈ 8 × 10 −5 and τ s = 1 -a so-called moderately turbulent model. The fastest growing wavelengths in both directions are nearly equal with λ x (max) ≈ 0.25H and λ z (max) ≈ 0.34H, and start becoming of the same order of magnitude as the local disk scale height. The corresponding growth timescale is now considerably longer with τ (max) ≈ 6.9P orb .
The bottom panel of Fig. 2 similarly shows a wavenumber survey for α ≈ 10 −3 and τ s = 1, a model we term strongly turbulent. The wavelengths of fastest growth become even larger, and the relative (x, z) length scales become more disparate with λ x (max) ≈ 1.55H and λ z (max) ≈ 7.85H; implying vertical sheet-like disturbances. The corresponding e-folding growth timescale is τ (max) ≈ 10.6P orb .
The pattern propagation of the turbulent SI depends upon the degree of turbulence. We measure the radial pattern speed to be given by c r ≡ ω r /k x , where ω r = Re(ω). The pattern propagation of the fastest growing mode is denoted by c r (max) and equal to ω r (max)/k x (max). With reference to Figure 2 we see that the pattern propagation is inward for the two largest values of α shown while it is outward for the nominally strongly turbulent model. The strongly turbulent model shown in Fig. 2 closely corresponds to the conditions modeled in Johansen et al. (2007) . Figure 1(b-c) of Johansen et al. (2007) depicts the growth of the SI in a MRI driven turbulent setting in which α = O (10 −3 ) and where the Stokes number τ s ∼ 1. A cursory examination of the growing modes in those simulations shows that radial wavelength of the most prominently growing structure is ∼1.2H, with a growth timescale of 10-15 P orb . Furthermore, our model predicts that the pattern speed c r (max) = 0.12H/P orb and inward. The apparent propagation of the growing mode in Johansen et al (2007) is also inward with a pattern speed 0.1H/P orb (we discuss pattern speeds further in sec. 5.3). While this certainly does not prove that our simple model is sufficiently predictive, it is encouraging that it predicts features that are in both qualitative and approximate quantitative agreement with previously published numerical simulations.
5.2. Growth rates: general survey For τ < τc, regions corresponding to < 1 (high α; above the track) have markedly lower growth rates and are identified as belonging to the "turbulent", "stable", or "saturation" regime while the region > 1 (low α; below the track) is referred to as the "instability" or "laminar" zone. SI is only observed in numerical simulations of small-St particles in this instability zone. Fig. 3 shows the growth rate of the fastest growing mode, as a function of τ s and α. There are several notable results. There exists a critical branch line, defined by = 1, in which the growth rate is zero. This critical line extends from τ s = 0 and terminates at a critical value of the Stokes parameter which we denote by τ c . For the parameter combination considered here (f = 0.01, δ = 0.04), τ c ≈ 0.38 and from the turbulent dilution model, this critical point corresponds to α = α tc ≈ 3.3 × 10 −5 . Generally speaking, τ c is some function of f and δ, but a theory clarifying the meaning of this point and its mapping as a function of these and other parameters is not undertaken here.
The character of the turbulent SI is sensitive to whether or not τ s < τ c or τ s > τ c . In the case where τ s < τ c , the growth rate dramatically depends on which side of the branch line one is on. For the region below the branch line (i.e., for > 1) -the so-called laminar zone (Zone I) -the growth timescales are generally fairly short (less than orbit times) in broad accordance with the low turbulence results depicted in the top panel of Fig. 2 as well as inline with expectations based on published numerical and theoretical studies examining the SI in the inviscid limit.
While for τ s < τ c and above the branch line (i.e., < 1) -in the so-called turbulent regime (Zone II) -the growth timescales are extremely long on anywhere from tens to thousands of local orbit times. For optically thick disks in which τ s = 0.01 and where the VSI is operating α ∼ 2 × 10 −4 Estrada et al. (2016) ; Malygin et al. (2017) , the growth timescales are just under 10 4 orbit times (at Jupiter this corresponds to about 10 5 years). Approaching the = 1 line from either side of the branch line results in growth timescales approaching infinity. In other words, on = 1 the mode is marginal, neither growing nor decaying. This has important consequences further discussed in Sec. 9 For τ s > τ c the fate of the linear SI is different. The branch line = 1 ceases to have any consequence for the growth rates. In this region the growth rates are relatively fast, anywhere between tenths and tens of orbit times. There appears to be a boundary that separates the turbulent zone from the laminar zone (in this range around α ∼ 10 −4 ) but this is apparent only when looking at the neutral pattern propagation speed line (discussed further below). For α > 10 −4 (Zone III) the growth timescales are about tens of orbit times while for α < 10 −4 (Zone IV) the growth timescales are about 10-100 times reduced. That which further distinguishes Zone III from IV becomes apparent in the character of the pattern speeds (next section).
It is revealing to compare the predictions of the theory with published numerical simulations where SI is (filled symbols), and is not (open symbols), seen to operate. The values of τ s , α for the turbulent runs are given explicitly in the papers cited ; Johansen et al. (2007) ; Balsara et al. (2009) . In particular, for these simulations where SI is manifest in relatively strongly turbulent conditions Balsara et al. 2009 ) falls squarely inside of Zone III. To place the "detected SI" results of Yang et al (2017) onto this plot, we had to infer the appropriate value of α characterizing the near-midplane, particle-layer-generated or "stratified" turbulence from their simulations (which were of a globally nonturbulent nebula). We did this by solving the dilution eq. 19 for α ≈ τ s f 2 / 2 , substituting their values for local at the time the instability appears (estimated from their figure 2), their quoted values for τ s =0.01 and 0.001, and their two quoted values for f =0.02 and 0.04. These represent the upper set of three filled circles. The lower set includes an approximate correction, since the Yang et al (2017) results were for initial f =0.02 (or 0.04) and the growth times in figure 3 assume f = 0.01. We assume the vertical axis can be generalized to represent α(0.01/f ) 2 , shifting the upper set downwards by a factor of 4. This rough approximation makes it clear that the Yang et al (2017) initial conditions, which did manifest SI, were clearly below the = 1 line; indeed even without the correction, they are below the line. Thus, all published SI simulations, whether SI was observed or not (i.e., , are in good agreement with the predictions of our model. Fig. 4 depicts the pattern propagation speed of the fastest growing modes for the same parameter sweep discussed above. We immediately observe that the pattern speed is 0 along the branch line ( = 1) separating Zone I from II. This is consistent with predictions made for the inviscid limit (YG2005) wherein the pattern speed is zero for = 1. However, beyond the critical point τ c , the 0 pattern speed curve does not lie on the = 1 line but, instead, follows the curve designating 0 pattern speed which roughly separates Zone III and IV -see dashed line of Fig. 4 .
Pattern Speeds -general survey
Similar to the predictions made in YG2005, the pattern speeds are outward (c r > 0) in laminar Zone I ( > 1) while they are inward (c r < 0) for turbulent Zone II. Pattern speeds in this regime are typically less than 0.01H/P orb . A stark qualitative distinction appears in examining c r in Zones III and IV. Within the relatively turbulent Zone III c r < 0, just as in Zone II. However the pattern speeds are very high with speeds on the order 0.1-0.2 H/P orb . This high drift rate was already observed in our earlier analysis (sec. 5.1) of Johansen et al. (2007) 's simulations. Meanwhile, in Zone IV the outwardly propagating patterns also drift with relatively high speeds ( < 0.05H/P orb ) that are comparatively muted with respect to those of Zone III. In either case, such high pattern speeds means that such structures might drift into the central star on relatively short timescales and are of some concern -see further discussion in sec. 6.1. In Figs. 5 and 6 we plot the structure of the fastest growing modes where Fig. 5 shows its radial wavelength λ x ≡ 2π/k x (max) while Fig. 6 displays its aspect ratio defined to be λ z /λ x ≡ k x (max)/k z (max).
Mode structure -general survey
In accordance with the trends predicted in the inviscid limit, within the weakly turbulent regions (Zones I,IV) the radial wavelength of the fastest growing modes are on the order of H and get increasingly shortened as α weakens. In Fig. 6we indicate the location where λ z /λ x ≈ 1 and this lies mostly in Zone IV with some spillover into Zone I. Scanning around this region we see that λ z /λ x indeed remains O (1) saying that the mode structure is that of axially symmetric ring structures in this rough patch of parameter space.
On the other hand, zones II and III λ x steadily increases with α as above the branch line = 1. This trend also continues into zone III where the turbulence is relatively strong and τ s > τ c . Moreover, the aspect ratio rapidly goes from rings into vertically oriented sheets as λ z /λ x steadily grows with increased degree of turbulence. We have designated regions for which λ z /λ x ≈ 5 and this zone by and large encompasses the entirety of Zones II and III. Naturally, caution should be exercised in interpreting the results contained in this theory especially when λ z greatly exceeds several scale heights. As such, the results contained here represent an upper limit to the predicted growth rates -as maximally growing modes with vertical wavelengths exceeding the disk particle scale height are not realizable.
DISCUSSION
Turbulent SI validity regime constrained by realistic protoplanetary disk models
We now put these results into the context of realistic global disk evolution models and observed constraints. We ask the question: for what turbulent disk conditions and particle properties does the SI provide a direct path to planetesimal formation?
Disk Lifetime Constraints
We rule out SI models that predict growth timescales that are significantly longer than ∼ 1 Ma, based on the evidence that planetesimals were abundantly forming before that time (Kruijer et al., 2017 , Scott et al., 2018 . This translates to equivalent P orb depending upon where the turbulent SI theory is being modeled. We nominally consider the location of Jupiter as our fiducial reference point, thus, growth time scales in excess of 0.4 − 2.0 × 10 5 P orb are ruled out.
Particle and Mode Radial Drift
Growing particles will drift radially at different rates due to variable coupling with the nebula gas. The drift rate increases with Stokes number τ s , reaching a peak when τ s = t s Ω ∼ 1, and then decreases for larger sizes. A Stokes number of unity corresponds to different size particles at different places in the protoplanetary disk, depending on the local gas surface density. For the standard Minimum Mass Solar Nebula (MMSN), meter-sized particles drift the fastest in the terrestrial planet region, whereas further out in the disk, where gas densities are low and the pressure gradients can be strong (especially if there is a strong gradient in the gas density at the disk outer edge), much smaller (mm-size) particles have τ s = 1. In fact, inward drifting particles may drift faster than they can grow in size by sticking; this is the so-called "radial drift barrier" (Brauer et al 2008; Birnstiel et al 2012 , Estrada et al 2016 .
A similar criterion can be applied to the SI. Using the mean radial velocity of the particle component (eq. 14) to estimate the time t d a particle takes to traverse the scale of the disk, we find
For a given set of parameters, the SI is considered "viable" if the derived growth rate is faster than the drain rate, i.e., when ω i > t
. Growth rates depend very much on , but sufficiently high solids-to-gas ratios that allow the solids to drive the gas motions are hard to achieve in turbulence (e.g., see Estrada et al. (2016) ), unless one imposes arbitrary trapping mechanisms such as pressure bumps to thwart radial drift (e.g., Drazkowska et al., 2013) . Fractal particle growth leads to highly porous particles which drift radially much more slowly (Ormel et al., 2007; Okuzumi et al., 2012; Estrada et al., 2017) ; this may provide a means to weaken the radial drift barrier and generate the necessary solids enhancements, but by decreasing τ s , at the same time shifts the case to the left in figure 3, generally weakening SI for any α.
As in the simulations reported in Johansen et al. (2007) , when τ s ∼ O (1) the pattern drift of growing modes are relatively fast and there runs the possibility that they drift in toward the star faster than the overdensity can achieve sufficient density to have gravitational instability takeover. As such, we assess the conditions in which the pattern drift time is much shorter than the unstable growth timescale. In other words, the time it takes for inwardly propagating waves to drift into the star is t −1 w = |c r | /r (provided c r < 0). Hence, if ω i > t −1 w then we consider the SI as viable.
Fragmentation Barrier
Several studies (Brauer et al. 2008; Birnstiel et al. 2012; Estrada et al. 2016) show that the fragmentation barrier in a turbulent medium may be estimated by assessing the inequality
The above expression represents the condition in which the kinetic energy of colliding particles per unit mass as driven by turbulent eddies, approximately τ s αc limits on particle growth minimum turbulence Incipient SI Figure 3 . . Regions of parameter space that exclude the SI -due to various particle and fluid constraints -are indicated by various transparent color shadings associated with one of the constraining process discussed in Section 6.1 are represented. Process constraints are appropriate at a disk location R = 5AU. The vast majority of α-τs parameter space is ruled out except for the narrow patch designated as "incipient SI". We note that this incipient zone is well within the turbulent regime as indicated in Figure 3 . We note that limits on particle size (the yellow patch) is partially designated with hatched boundaries because the models of Estrada et al. (2016) do not examine values of α beyond the vertical regions shown shaded. Those previous numerical experiments examining the SI under turbulent conditions are also shown (see Figure 3 ).
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) exceeds their binding energy per unit mass, which is quantified by U f , the fragmentation speed for the particle (in reality a loose aggregate) in question. For H 2 O ice aggregates U f ≈ 8.9 m/s, while for silicate aggregates U f ≈ 1.4 m/s Güttler et al. 2010) . For reference, we assume the gas to be made of H 2 at T = 100K -a region of the solar system's protoplanetary disk nominally associated with the formation of Jupiter -which translates to a sound speed of c s ≈ 640 m/s.
Bouncing and drift barriers
Numerous laboratory and theoretical studies have found that particle growth can actually stall at much smaller sizes than the size that collides so energetically as to fragment the particles . This size is harder to specify rigorously Estrada et al. (2016) , and indeed the bouncing barrier is not impermeable but merely slows growth to a great degree. We will not employ the bouncing barrier as a constraint in the discussion below. A similar situation holds for the radial drift barrier alluded to earlier; it is hard to write quantitative values for this size limit. So, our fragmentation barrier size constraints (upper limits) on particle size are conservative in the sense that particles probably never get that large due to a combination of the bouncing and radial drift barriers (Birnstiel et al. 2012; Estrada et al. 2016 ) (see more discussion below).
6.1.5. Combined limits on particle size: τs.
Global numerical simulations of disks, conducted over a two order of magnitude range of turbulent intensities (i.e., 10 −5 < α < 10 −3 ), suggest that the series of barriers to growth -bouncing, radial drift, and fragmentation -are quite effective at limiting τ s (for the particle size that dominates the mass) to values no greater than ∼ 0.01 in icy regions, and 0.001 in non-icy regions (e.g., Birnstiel et al., 2012; Estrada et al., 2016) . The regime that limits growth depends on ambient nebula conditions. For example, models show that the inner disk regions where bulk composition is ice-free and turbulent relative velocities are fairly large, tend to be in the fragmentation regime where eq. (24) defines the fragmentation equilibrium Stokes number. Even for α = 10 −4 , one finds τ s 0.05 using the values cited in Sec. 5.2.3. However, the temperature in the inner disk (i.e., inside the snowline) is much higher and, in practice, simulations show that τ s does not exceed 0.001 before the start of the epoch where winds remove the disk gas.
In the colder, ice-rich outer disk a naive application of eq. (24) would give τ s > 1 for α = 10 −4 . However, this is an overestimate because eq. (24) assumes that the collision velocity is dominated by turbulent relative velocities, but large values of the pressure gradient (manifested by δ) in the outer nebula can drive systematic drift-and headwind-related velocities that can significantly exceed those due to turbulence. As a result, particle growth is in the drift-dominated regime where unlike the fragmentation case, the radial drift barrier is not only determined by the relative velocities, but the rate at which particles grow from the local inventory of solids available. Under these circumstances, bouncing plays an even more influential role by slowing growth towards the fragmentation barrier, enhancing the importance of the drift barrier. Once a particle reaches a certain size (an 'equilibrium' drift Stokes number can likewise be defined that estimates this size), it drifts faster than it grows (Sec. 5.2.2). For a wide range of disk models, Birnstiel et al. (2012) and Estrada et al. (2016) found the Stokes number took on a nearly constant value ∼ 0.01 over the radial extent of the outer nebula disk. Even when the bouncing barrier was not considered, τ s 0.1. Estrada et al. (2016) give a more in-depth discussion and derive estimates of the limits of τ s as it pertains to their models.
Turbulence Constraints
It is widely believed that the region where the first planetesimals are assembled are in a "Dead Zone" extending from 1AU to ≤ 80 AU, so-called because the temperature and transparency of protoplanetary disk material to ionizing photons are too low to allow MHD turbulence to arise (Turner et al. 2014) . Owing to the dominance of Ohmic dissipation self-generated activity like the linear MRI process is gets suppressed and, consequently, these areas of protoplanetary disks are now more commonly referred to as Ohmic Zones, (e.g. Lyra & Umurhan 2018). There remains substantial debate over the true ionization state and consequent effective magnetic resistivity of disk material that contains sufficient grains (Okuzumi et al. 2012; Ormel & Okuzumi 2013; Simon et al. 2018) . If sufficiently ionized then the disk remains susceptible to the nonideal MHD processes including wind launching mechanisms (Bai 2016; Bai et al. 2016) . Nonetheless, this debate leaves some uncertainty as to whether any regions may be MHD active and susceptible to the MRI, which is predicted from numerical experiments to induce very strong turbulent intensities of α ∼ 10 −3 − 10 −2 (Balbus & Hawley 1998; Armitage 2011) .
Therefore, for the purposes of this study we shall assume that any turbulence that arises in the nearmidplane regions of protoplanetary disks, which are of greatest interest to planetesimal formation, stems from any one of the three recently identified purely hydrodynamical mechanisms noted in section 1 that have recently been discussed in the literature -for a review see Lyra & Umurhan (2018) . The operation of the three mechanisms depends upon the thermal relaxation or cooling time scales t th of the particles and gas, which in turn depend on the disturbance lengthscales if these lengthscales are in the optically thick regime. Specifically, the [VSI/COV/ZVI], respectively, is expected to operate in a disk when [Ωt th 1, Ωt th ≈ 1, Ωt th 1] (respectively). Exactly which regions of protoplanetary disks are most susceptible to which mechanism remains under discussion (Malygin et al. 2017; Umurhan et al. 2017; Barranco et al. 2018 ). However, because of their non-overlapping operational criteria, it is plausible that the full extent of protoplanetary disks that is of interest to planetesimal formation will be turbulent, due to at least one of the three mechanisms listed. Recently published numerical experiments of the three processes show that the turbulent intensities arising from these mechanisms lie somewhere in the range 10 −5 < α < 5 × 10 −4 (Lyra & Umurhan 2018), and we shall adopt this range in this study. Of the various published studies on the VSI, Flock et al. (2017) predict a relatively low level of α ∼ 4 × 10 −5 and we use this as our minimum adopted value. In any event, our understanding of the precise nature of cold protoplanetary disk turbulence will surely continue to evolve and the predictions we make in the following will surely need to be revised.
6.1.7. Regions of parameter space that permit the SI to operate Given the physical constraints outlined in the previous five subsections, we can now assess in what parts of the α-τ s parameter space the SI is likely to operate, under realistic conditions. We approach this by (a) comparing the SI's predicted growth timescales with the constraining timescales based on the various fluid processes and particle growth barriers discussed in sections 6.1.1-6.1.6, and (b) delineating regimes of (α, τ s ) space deemed implausible by the best current models of growth-bysticking. We declare the SI to be viable or "incipient" in those regions of (α, τ s ) space which are both reasonable from the standpoint of growth, and where the SI's growth timescales are shorter than those associated with the aforementioned constraining timescales.
The results of this exercise are shown in Figure 7 , which overlays various excluded regions on the growth timescale plot from Figure 3 . In the particular example shown, which would be applicable to the nominal disk location of Jupiter (perhaps, an icy region), we find that almost all of the upper half of the α-τ s parameter space precludes the SI as normally understood, except for a triangular patch of parameter space we label as incipient. The lower limit on the degree of turbulence which rules out the lower half of the plot is a conservative estimate given the validity of the three HD turbulence mechanisms noted above. Figure 7 indicates that previously published numerical models of the SI that were conducted in a turbulent medium (see section 1) fall into parts of (α, τ s ) space that are not actually accessible or sustainable, mainly because either the particles never grow large enough due to the silicate and/or water fragmentation barriers or because the particles are of such size that they are rapidly lost due to radial drift.
The incipient region roughly falls within the range of 0.01 < τ s < 0.05 and 2×10 −5 < α < 10 −4 . For the range of α-τ s within which the SI is incipient, the associated growth timescales are somewhere in the range of a few hundred to ten thousand local orbit times, in which the shorter time scales correspond to larger values of the Stokes number, i.e., larger particle sizes. Below, we discuss this region in more detail.
6.2. On the importance of equal particle to gas mass density ratios for the nonlinear outcome of the SI The analysis detailed here shows that = 1 is an important waypoint for the development of the SI in a turbulent medium. A significant finding is that, provided τ s < τ c , the fate of the SI for α = 0 depends upon what side of the = 1 branch the system is in. Approaching = 1 from either the turbulent or laminar regime predicts that the growth rate slows down and stalls on asymptotic approach to = 1. Interestingly, this prediction of zero growth rate for = 1 is present in the inviscid limit only for τ s = 0 -as is indicated by continuing the = 1 line toward the α → 0 limit, also see also YG2005. This is suggestive that the long term outcome of the SI is sensitive to what side of this = 1 line the system may be on. To better see this -short of either a weakly nonlinear or fully nonlinear calculation -consider the following: We imagine that for a parameter pair (τ s , α) the system starts off at some value of = 0 (α, τ s ) = f 1 + τ s /α based on the turbulent dilution model Eq. (19). Barotropic simulations of the SI without self-gravity, both laminar and turbulent, shows that the SI initially grows into several (nearly) axisymmetric filaments which -over time -attract one another and merge to form larger filaments occupying an ever widening radial region (e.g. Simon et al. 2016 ). We assess a new "effective" regional value of = e > 0 by, say, averaging the particle density over the radial zone occupied by the aforementioned filament aggregates. Although averaging in this way is crude, using the linear theory developed here we estimate the continued growth of the SI by inputing e for while holding constant the originally given parameter pair (α, τ s ). Implicit here is the assumption that increased particle loading does not effect the level of turbulence within the region (however, see Lin 2019) .
Now consider first what happens when the SI occurs for conditions of weak turbulence and small Stokes numbers, i.e., below the = 1 line in α with τ s < τ c . Fig. 8a shows the growth rates as a function of for two such values of τ s (= 0.01, 0.05) subject to nominally weak turbulence (α = 5 × 10 −7 ). Each curve starts off at the initial value of 0 (α, τ c ) and the corresponding growth timescale shown is the same as the ones shown on Fig. 3 for the given pair (α, τ c ). Holding (α, τ c ) fixed we plot the growth timescales for values of = e > 0 . After a brief window in e in which the growth timescale shortens, the growth timescales lengthen without bound with e . Fig. 8b also shows the corresponding radial wavelength of the maximally growing mode showing that it too grows with the increased e , indicating that our assumption of ever increasing radial lengthscales of growing SI induced overdensities are (at least) consistent with the results of the linear theory. The increase in the growth timescales can be rationalized easily: as the particle loading increases and greatly exceeds 10 or more, the dynamical influence of the gas back onto the particles becomes increasingly irrelevant.
Next consider what happens when the SI occurs for nominally strong levels of turbulence with the same sets of Stokes numbers. Fig. 8a shows the results for two values of α (= 8 × 10 −5 , 4 × 10 −4 ). In the cases shown, 0 all start below 1. As the growth of filament aggregates continue the rate of growth asymptotes to zero as e → 1. In other words, the = 1 line forms a barrier that never gets crossed as it takes an infinitely long amount of time to reach it. Inspecting Fig. 8b also shows that in this nominally strongly turbulent regime the radial scale of the growing structure also increases suggesting (once again) that our assumption of the growing SI effectively results in structures occupying ever larger radial regions is consistent with the linear theory.
We conclude that if the system starts off in the nominally weakly turbulent regime (below the = 1 line with τ s < τ c in Fig. 3 ), SI induced overdensities should be able to grow without bound until nonlinear saturation takes over and quenches growth. However, if the system starts off in the nominally strongly turbulent regime (above the = 1 line with τ s < τ c in Fig. 3 ), SI induced overdensities will only asymptotically approach = 1 during the typical lifetime of the disk. An estimate of the maximum overdensity achievable is simply 1/ 0 .
We can take this further. For models in the nominally strongly turbulent regime, an empirical analysis of the maximum growth rates depicted in Fig. 8a follows roughly a (1 − ) 3 dependence.
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We can exploit this dependence and develop as a function of time. To wit we begin by writinġ
where ω g0 = 2π/t g0 in which t g0 is the growth timescale for the parameter pair (α, τ c ) as plotted in Fig. 3 . The above is an elementary integration resulting in the implicit relationship
where t 0 is some initial time. On Fig. 9 as a function of local orbit time we plot the (t) for the four turbulent dilution constrained 0 < 1 models depicted in Fig. 8 . Each model starts at t = t 0 with its corresponding value of 0 and asymptotes to = 1 with a maximum possible overdensity being less than 1/ 0 . For example, the dashed diamond curve is a model with α = 8 × 10 −4 and τ s = 0.05 which is nominally contained in the incipient SI zone of Fig. 7 . It is characterized by 0 ≈ 0.24 which means that the maximum overdensity it can achieve as it evolves toward = 1 is 1/ 0 ≈ 4. At approximately R = 5.2 AU, t = 5 × 10 5 terrestrial years corresponds to about 4.2 × 10 4 P orb . In that case (t) ≈ 0.99. However, if the same was evaluated at R = 44.5 AU (the semimajor axis of the cold classical KBO 2014 MU 69 ), then t = 4 × 10 6 years corresponds to 1.3 × 10 4 P orb . In this case (t) ≈ 0.97. Of course, the size of the incipient SI range would expand as the water and silicate fragmentation barriers would move further up and to the right of Fig. 7 permitting larger values of τ s . However, we keep in mind that particle growth models still preclude very large values of τ s while the original disk gas is still largely present and that this part of parameter space would be accessible only when the disk enters its wind-loss phase (after 2-4 Ma). Inspection of the same graph shows that for models with lower values of τ s (e.g., 0.01) the achievable overdensities can range from 10-20.
In summary, provided the conditions of nominally strongly turbulent disks permit the SI to be active, we expect the maximum overdensity possible -∼ (t → ∞)/ 0 = α/(τ s + α) -leads to roughly equal values of the particle and gas mass volume densities. What such particle mass loading does to the underlying turbulence generating mechanisms remain to be thoroughly explored.
SUMMARY
Conducting high resolution numerical simulations of the interaction of gas and particles to shed light upon the streaming instability is a computationally expensive undertaking. It would be of value to have some kind of theoretical guide -however approximate -to constrain the parameter range of its validity from the standpoint of planetesimal formation. The purpose of this study is to provide (9) shown for the four < 1 models depicted in the previous figure. a theoretical framework to address the question of how and to what extent the streaming instability might be effective for planetesimal formation under globally turbulent disk conditions.
Toward this goal, we have assumed the canonical theoretical setup considered by the streaming instability study of YG2005 and have represented the effect of local turbulence by an α model. This representation of turbulence -that characterizes its effect in the form of an enhanced isotropic turbulent viscosity and diffusion -acts locally both to stir particles and to exchange momentum. Underpinning its use here is the assumption that the processes leading to turbulence, especially in protoplanetary disk Ohmic zones, do so independent of the presence of particles. In this sense, the assumptions made here are subject to revision once more is known of the nature of real turbulence in cold, non-ionized regions of protoplanetary disks.
We have examined the normal mode response of the streaming instability as a function of the disk turbulence parameter α and particle Stokes numbers τ s by identifying the wavelengths, growth times, and pattern speeds of the fastest growing modes. For given values of α and τ s , the particle to gas mass density ratio ( = ρ p /ρ g ) is calculated using a turbulent dilution model (eq. 19), to represent the balance between the gravitational settling of particles toward the disk midplane and the vertical diffusion of the same particles due to turbulence (Dubrulle et al. 1995; Youdin & Lithwick 2007; Estrada et al. 2016 ).
The simple model extends and generalizes behavior initially glimpsed in YG2005, and makes additional predictions that are consistent with previously reported numerical studies of the development or lack of development of the streaming instability in turbulent disk simulations Balsara et al. 2009; .
We think adopting the theoretical framework proposed and examined in this study should be useful for similar future studies. We note one possible shortcoming of adopting the α-disk model, namely the assumption that the turbulence is isotropic. It is known that numerical studies of at least one of the proposed hydrodynamical mechanisms that may drive turbulence in protoplanetary disk Ohmic ("dead") zones (i.e., the VSI) have seen turbulent stresses that are clearly non-isotropic (Stoll et al. 2017) . The model as constructed here can easily take this into account; this is a suitable topic for future study.
The study conducted here has revealed several interesting trends for a minimum mass solar nebular model with global solids-to-gas mass ratio of f = 0.01 and disk opening angle δ = H/r = 0.04, some of which are summarized below:
1. As turbulent intensity increases, the wavelengths of the maximally growing modes increase.
2. As turbulent intensity increases, the growth rates of the maximally growing modes diminish.
3. The combination of (τ s , α) that leads to = 1 according to the turbulent dilution model forms a critical line terminating at a critical point (τ c , α c ) where τ c = 0.38 and α c ≈ 3.3 × 10 −5 .
4. For values of τ s < τ c , and for parameter combinations of α and τ s that lead to = 1 according to the turbulent dilution model (eq. 19), the least stable SI mode neither grows nor decays and the growth timescale is effectively infinite (the = 1 critical line).
5. Provided τ s < τ c we identify two regimes which straddle the above-mentioned critical line as being either "turbulent/saturated" or "laminar/unstable" (Figure 3 ).
6. The spatial structure of the fastest growing mode in the turbulent/saturated regime typically corresponds to vertically oriented sheets with radial scale of about a pressure scale height H. The mode structure in the laminar/unstable regime exhibits narrow, azimuthally oriented tubes with lengthscales much less than H, consistent with previous predictions and simulations.
7. For realistic protoplanetary disk conditions relevant to the early solar system -taking into account various barriers to particle growth, age constraints, and the disk's likely degree of turbulence as quantified by α -we find that the SI is incipient for a narrow range of disk and particle properties. At a disk location nominally representative of the Jupiter's location (r = 5AU) together with turbulent intensity and particle Stokes numbers in the range 2×10 −5 < α < 10 −4 and ∼ 0.01 < τ s < 0.05, the incipient range of parameter space is indicated by the patch denoted on Figure 7. 8. In the range of parameter space in which the SI is incipient, the growth timescales are very long, 10 2 to 10 4 local orbit times.
9. For disk regions that start in the turbulent/saturated regime allowed by realistic particle growth properties (Figure 7 ), we find that the growth rate of overdensities steadily weakens and approaches zero as the particle-to-gas mass density ratio within the overdensity approaches 1 -see Figure 9 . For example, the asymptotic, saturated overdensities are likely to be only a factor of 3-10 larger than the initial value of , assuming for instance a turbulent disk with St = 0.01 and α = 8 × 10 −5 . This behavior, in itself, does not appear to be a path to planetesimal formation as all such cases leads to ρ p /ρ g ≈ 1, which appears to be insufficient to trigger gravitational collapse based on recent simulations of the SI (e.g., Simon et al. 2017) There is much to understand about the implications of this model setup. Included in any list should be a better physical understanding of the critical line and critical point corresponding to the special condition = 1 and, especially, why this special combination of parameters leads to exactly marginal modes. A step in this direction may involve examining the well-coupled particle-to-gas regime within the theory developed by Lin & Youdin (2017 We could approach solutions to this by solving for ω from the sixth order dispersion relationship arising from det (−iwI + M) = 0,
where I is the 6 × 6 identity matrix. However, the expression resulting from the above operation is extremely unwieldy and offers no insight toward the mechanisms operating in the instability. Instead, we choose to solve this directly by determining the eigenvalues of M using standard numerical techniques found in Matlab. We arrange the solutions in descending order of ω i . The solutions plotted throughout the text are the least stable mode. In some instances there are two unstable modes but the second mode is usually dwarfed in magnitude by the first mode. However, a detailed examination of the second unstable mode and its interpretation remains to be determined. We are reminded that in the inviscid theory the naturally occurring lengthscales H η ∼ Hδ but that the alpha disk model is quantitied on H. Hence, the disparity of lengthscales between the large-scale global turbulence and the SI appears with the ratio α/δ 2 .
